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Abstract. We prove that the classical integral cycle class map from algebraic 
cycles to etale cohomology factors through a quotient of ^-adic etale cobordism 
over an algebraically closed field of positive characteristic. This shows that 
there is a strong topological obstruction for cohomology classes to be algebraic 
and that examples of Atiyah, Hirzebruch and Totaro also work in positive 
characteristic. 



1. Introduction 

Atiyah and Hirzebruch [3] showed that an integral cohomology class of a complex 
variety X has to satisfy certain conditions in order to be algebraic. If a cohomol- 
ogy class y in H*(X;Z) is algebraic, all differentials d r y in the spectral sequence 
H*(X; Z) => K*(X) to topological K -theory vanish, or, in other terms, all primary 
odd degree cohomology operations vanish on y. Moreover, they showed that these 
conditions are not vacuous by constructing examples using Godeaux-Serre varieties. 
Therefore, they showed that the integral version of the Hodge conjecture for com- 
plex varieties fails in general. Recently, Totaro [37] revisited the obstructions of 
Atiyah and Hirzebruch and showed that they are induced by a stronger condition. 
Totaro proved that the classical map from cycles on X to integral cohomology 
factors through some quotient of complex cobordism as 

CH*X -> AIU 2 *X ®mu* % A H 2 *(X; Z). 

Hence for an integral even degree cohomology class to be algebraic, it has to be 
in the image of the canonical map 9 : MU 2 *X ®mv Z —5- H 2 *(X;Z). Since 
also all higher order odd degree cohomology operations vanish on the image of 9, 
this obstruction is stronger than the one of [3]. Moreover, Totaro showed that it 
provides a method to construct nontrivial cycles in the Griffiths group of certain 
varieties. Voisin discusses this topological obstruction and other constructions of 
counter-examples for the integral Hodge conjecture in |38) . 

Over a finite field, the analogue of the Hodge conjecture is the Tate conjecture. Let 
A: be a finite field, k its algebraic closure and G := Gal(fc/fc) the absolute Galois 
group of k. Let £ be a prime different from the characteristic of k. For a projective 
smooth and geometrically integral variety X over k, let us consider the integral 
version of the Tate conjecture and ask if the homomorphism 

(1) CIPX ® z Zt -> Hlt(X- k ;Z e (i)f 

is surjective. As for the integral Hodge conjecture, this map (p} is in general not 
surjective. For any algebraically closed field k and a projective smooth variety X 
over k, Colliot-Thelene, Szamuely and Totaro [7] have shown that, for any prime 
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I ^ char k, all primary odd degree Steenrod operations vanish on algebraic coho- 
mology classes in H?£(X;Z/£(i)). Since Godeaux-Serre varieties are defined over 
any infinite field, this shows moreover that the initial examples of Atiyah and Hirze- 
bruch [3 yield examples over any algebraically closed field for which the map 

CH l X ® z TL t -y Hll{X; Z e (i)) 

is not surjective, cf. [7], Theorem 2.1. 

The main result of this paper is that in fact Totaro's stronger obstruction has an 
analogue over an algebraically closed of arbitrary characteristic. Once the necessary 
theory is developed, the proof is similar to the one of Totaro's theorem in |37j . But 
there are two main new highly nontrivial ingredients. First, we have to replace the 
usage of the analytic topology on complex varieties. Its natural analogue over fields 
of positive characteristic is the etale topology. By Artin, Mazur [2] and Friedlander 
|12) . the information of the etale topology can be collected in a functor that asso- 
ciates to any locally noetherian scheme an etale homotopy type. For a fixed prime 
number I different from the characteristic of the base field, we will use an Radically 
completed version of this functor. Substituting the simplicial spectrum representing 
complex cobordism by an ^-adic completion MU, we get the Radically completed 
cobordism MU? t (X) of the etale homotopy type of X. The key point is then to 
construct a fundamental etale bordism class [X] £ MUf n (X) for any smooth pro- 
jective variety X of dimension n. This involves the techniques developed in |27| and 
a new Poincare duality theorem for etale bordism. To use this Radically completed 
etale topological type as in [27] and not the usual pro-simplicial set is a significant 
progress in applying etale topological cohomology theories, as it yields simplified 
constructions and makes it possible to apply results from A 1 -homotopy theory, see 
[27] and the third section below. Furthermore, the proof of Theorem 11.11 below, will 
demonstrate and use the full power of the analogy to the complex topological the- 
ory provided by the etale topological techniques of [12] and [27] , further developed 
in the third section. 

Secondly, for a complex variety X, the class of a prime cycle, i.e. an irreducible 
subvariety Z C X, is defined to be the cobordism class of a resolution of Z. Over a 
field of positive characteristic, resolutions of singularities are not available. There- 
fore, we replace resolutions by smooth alterations. An alteration of a variety X 
over a field k is a proper dominant morphism X' — y X of varieties over k with 
dim A' = dim A. This is a weaker notion than a resolution since finite exten- 
sions of the function field are allowed. The existence of alterations such that A' 
is smooth over the base field is part of the famous theorem of de Jong 10 . But 
this result alone would not help us, since it does not provide any control of the 
degree of the alteration. In his recent studies on finiteness in etale cohomology and 
uniformizations |14) |16j . Gabber also proved that, for any prime £ different from 
the characteristic of the base field, there exists a smooth alteration of degree prime 
to i. Since MU? t (A) is a module over the coefficient ring MU* = MU* ®i %i , the 
degree becomes invertible in ^-adic cobordism. After constructing a fundamental 
etale cobordism class for any smooth projective variety over k, we get a well defined 
map by sending an irreducible subvariety Z C A to the image of the fundamental 
class of an alteration n : Z' — > Z in MU*(X) divided by the degree of it. The 
use of Gabber's theorem is exactly what is needed to get an £-adic integral version. 
Usually, replacing resolutions by alterations forces to switch to rational coefficients, 
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because of the occuring nontrivial degrees of the maps. But as we explain below, 
the discovered topological obstruction is a torsion phenomenon and would vanish 
for rational coefficients. Hence to use Gabber's and not only de Jong's theorem is 
a key new idea for the proof. 

This yields the following factorization of the cycle map in arbitrary characteristic. 

Theorem 1.1. Let k be an algebraically closed field and let X be a smooth projective 
variety over k. Let I be a prime different from the characteristic of k. There is a 
natural map c\mu ■ Z l X — > MU?£(X) (S>mw %i from codimension i cycles on X 
that vanishes on cycles algebraically equivalent to zero such that the composition 

CH*X c ^ MUl*(X) ® £w , Zi -A H%{X;Z t ) 

is the classical cycle map c\r to continuos l-adic cohomology after choosing an 
isomorphism = 2^(1). This map c\mu is compatible with pushforward maps for 
projective morphisms and commutes with intersection products. 

This implies the following collection of results. 

Corollary 1.2. Let k be an algebraically closed field and £ any prime different from 
the characteristic of k. We choose an isomorphism = 2^(1). 

(a) For a cohomology class of even degree to be algebraic, it has to be in the image 
of the map 

MUg*(X) ® Au , Z e A Hl*(X;Z e ). 
In particular, all odd degree higher order cohomology operations on an algebraic 
cohomology class vanish. 

(b) There is a finite l-group G, a G -representation V , a smooth complete inter- 
section Y C P( V) on which G acts freely and a cohomology class y of (.-torsion in 
H^ t (Y/G;Zg) that is not algebraic. 

(c) // char k ^ 2, there is a smooth projective varieties X over k of dimension 7 
such that the map CH 2 X/2 — > H^ t (X;Z/2) is not injective. Moreover, there is a 
smooth projective variety Y of dimension 15 and a 2-torsion cycle in CH 3 Y that 
is homologically but not algebraically equivalent to zero. 

Note for part (a), that it is possible to construct higher cohomology operations in 
etale cohomology using the profinite etale homotopy type of X . The usual methods 
for spaces can be tranferred to profinite spaces. So far, it was only known that 
primary cohomology operations of odd degree vanish on the image of the cycle map 
in positive characteristic. Hence (a) yields a much stronger condition for algebraic 
cohomology classes over fields of positive characteristic. 

Furthermore, all of the above examples of varieties in (b) and (c) are Godeaux-Scrrc 
varieties, constructed in [35], for suitable finite groups. For (b), the group is just 
G = (Z/£) 3 , so the varieties are defined in exactly the same way as by Atiyah and 
Hirzebruch in [3] over k instead of C. Note again that Colliot-Thelene, Szamuely 
and Totaro have shown this already. But we show that the original proof of Atiyah 
and Hirzebruch in [3] fits very nicely in the picture of etale homotopy theory. Thus 
our proof might be closer to the remark of Milne [21], Aside 1.4, that the arguments 
of [3j should carry over to positive characteristic. 

For (c), the hard work has been done by Totaro [37], who studied the kernel of the 
map MU*X ®mu* Z — > H*(X, If). The varieties in (c) are the same as in [37) . 
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but defined over k instead of C. It is important to note that the variety in (c) is 
not the first example for the non-injectivity of the map CH 2 X/n — > ff| t (JT;Z/n) 
for a smooth projective variety X over an algebraically closed field. This question 
has been discussed by Colliot-Thelene in [6;. Examples have been found by Bloch 
and Esnault in [4] and by Schoen in [31], [32], [33] and [34]. But in (c) we get 
new examples of cycles over an algebraically closed field of positive characteristic 
by methods that are different from the methods of Bloch, Esnault and Schoen. 
As in the complex case, the factorization of the cycle map and the examples of 
Corollary 11.21 are a torsion phenomenon. The map MU£ t (X) — > H? t (X;Zg) is 
the edge map of the top row of the Atiyah-Hirzebruch spectral sequence for etale 
cobordism E 2 — H? t (X; MU*) MU? t X. All its differentials are torsion. Hence 
if H? t (X;Zi) has no torsion, then the ^-term has no torsion and all differentials 
vanish. In this case the map MU? t (X) ®£j V , 1>t — > H? t (X;Ze) is an isomorphism. 
Moreover, for an arbitrary X, the same argument shows that after tensoring with 
Qi the map 

MU* 6t {X) ® Atr . Q e -> H? t (X; 1 t ) ® Q e 
is always an isomorphism. 

Finally, Theorem 11.11 is not implied by the work of Levine and Morel [19] on al- 
gebraic cobordism. After Totaro had written [37], Levine and Morel proved that 
Cl*X (g)L* Z is isomorphic to CH*X and that this is the universal oriented coho- 
mology with additive formal group law over any field of characteristic zero. So in 
characteristic zero, Theorem 11.11 and now the theorem of Totaro are weaker than 
the result in [19]. But over a field of positive characteristic, the universality of 
algebraic cobordism is not known. It is unlikely that Gabber's theorem which we 
use in the proof of Theorem ll.il suffices for an extension of the work of Levine and 
Morel in positive characteristic. One would need a more detailed description of the 
complement of the smooth locus. 

Before the kickoff, let us resume the outline of the paper. In the next section, we 
recall the profinite etale homotopy functor [2], [12] and etale cobordism, first con- 
sidered in [27] . Since the generalized cycle map can be constructed more generally 
for etale Borel-Moore bordism of not necessarily smooth schemes, we will discuss 
this theory as well and prove the existence of a cap product pairing. In particular, 
we show Poincare duality for etale bordism for projective smooth varieties over 
algebraically closed fields. This will allow us to define a fundamental bordism class 
of a smooth projective variety. The construction of the cycle map and the proof of 
Theorem ll.il will occupy the fourth section. In the last section we will discuss the 
examples of Atiyah and Hirzebruch and check that the examples in [37] of cycles 
algebraically but not homologically equivalent to zero work over any algebraically 
closed field of characteristic different from two. 
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2. ETALE REALIZATIONS AND PROFINITE SPECTRA 

2.1. The etale realization functor. The starting point for etale homotopy theory 
is the work of Artin and Mazur [2] . The goal was to define invariants as in algebraic 
topology for a scheme that depend only on the etale topology. Friedlander rigidificd 
their construction by associating to a scheme A a pro-object in the category S of 
simplicial sets. The construction is in all cases technical and we refer the reader 
to [12] for details, in particular for the category HRR(X) of rigid hypercoverings. 
But let us quickly recall that for a locally noetherian scheme X, the etale topo- 
logical type is defined to be the pro-simplicial set Et A := Re o it : HRR(X) — > S 
sending a rigid hypercovering U of X to the simplicial set of connected components 
of U. If / : X — >• Y is a map of locally noetherian schemes, then the strict map 
Et / : Et X ->• Et Y is given by the functor /* : HRR(Y) -» HRR(X) of rigid 
pullbacks and the natural transformation Et X o /* — > Et Y. For geometrically 
unibranched X, the pro- fundamental group of Et X is equal to the profinite etale 
fundamental group of X as a scheme. The cohomology of EtA as a pro-space 
equals the etale cohomology for locally constant coefficients, see [12] . 

To get an actual space, one would like to take the inverse limit of the underlying 
diagram of Et X. But as remarked in [12] . one would not only lose information but 
also get the wrong (discrete) invariants. Nevertheless, one can control the loss of 
information as we explain now. 

In [28] , we studied a profinite version Et of this functor by composing Et with the 
completion from pro-5 to the category of simplicial profinite sets S. This functor 
is the composite of the completion S — > S and taking the limit of the underlying 
diagram. We call the objects in S profinite spaces. Its morphisms are simplicial 
maps that are levelwise continuous. There at least two interesting model structures 
on S. The first one has been studied by Morel in [22]. For this model structure 
the cofibrations are the levelwise monomorphisms and the weak equivalences are 
maps that induce isomorphisms in continuous cohomology with Z/^-coefficients for 
a fixed prime I. In [28] a different structure has been considered for which the 
cofibrations are as before but the weak equivalences are maps that induce isomor- 
phisms on profinite fundamental groups and in continuous cohomology for finite 
local coefficient systems. The model structure of [28] is particularly useful for gen- 
eral profinite completions as it provides a rigid version of the profinite completion 
functor of Artin and Mazur [2]. In particular, for the etale topological type func- 
tor, it provides a suitable control of the limit process if one wants to pass from the 
pro-object Et A to an actual simplicial set. For example, the fundamental group 
of Et A as a profinite space is always equal to the etale fundamental group of A 
and the continuous cohomology of Et A with profinite local coefficients equals the 
continuous etale cohomology of A defined by Dwyer, Friedlander [11] and Jannsen 

m- 

2.2. The stable profinite homotopy category. The target of the cycle map 
that we are going to construct is a quotient of an ^-adically completed version of 
cobordism. Therefore, we need the following stabilization of profinite spaces. 

We denote by Sp(<S„) the category of sequences X n E 5* of pointed profinite spaces 
for n > and maps er„ : S 1 A X n —> X n+1 in S*. We call the objects in Sp(5*) 
profinite spectra. A morphism / : A — > Y of profinite spectra consists of maps 
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/„ : X n — > Y n in <S* for n > such that cr n (l A f n ) = f n +\<J n - If X is a pointed 
profinite space, there is a profinite suspension spectrum E°°X given in degree n by 
the n-fold suspension of X . 

Let t be a fixed prime number. Starting with the %jt- model structure on S, whose 
homotopy category is denoted by %, there is a model structure on profinite spectra 
such that the suspension S 1 A — becomes a Quillen equivalence, see [27], Corollary 
16. In other words, Sp(<S„) is the stabilization of S. We denote the homotopy 
category of Sp(<S*) by S'H. 

The completion functor (■) : S — > S, which is defined in each dimension by taking 
the limit over all equai valence relations with a finite quotient set, and the forget- 
ful functor | • | : S — V S induce levelwise corresponding functors on the category 
of spectra. When we equip the category of simplicial spectra Sp(5*) with the 
Bousfield-Friedlander model structure [5], we get the following adjointness, cf. |27j . 

Proposition 2.1. Completion (•) : Sp(5») — > Sp(5„) preserves weak equivalences 
and cofibrations. 

The forgetful functor | • | : Sp(iS„) — > Sp(5*) preserves fibrations and weak equiva- 
lences between fibrant objects. 

In particular, (•) induces a functor on the homotopy categories and the adjoint pair 
((•), | • |) is a Quillen pair of adjoint functors. 

Let MU £ Sp(<S*) be the completion of the simplicial Thorn spectrum representing 
complex cobordism. For a profinite spectrum X, we denote by MU n X, and call it 
the nth profinite cobordism of X, the group of homomorphisms of profinite spectra 
MU n X := Rom s ~ n {X, MU A S n ). If X is a profinite space, we denote by MU n X 
to be the reduced profinite cobordism of the suspension spectrum where 
X + indicates that we add a disjoint basepoint to X . 

The coefficient ring MU* can be obtained by taking a fibrant replacement MU 1 of 
MU in Sp(5*). It depends of course on £, in fact, one gets MU* = MU*®zZe, i.e. it 
is a free polynomial ring Ze[xi,X2, ■ ■ ■] with Xi of degree — 2i. Let MU <a denote the 
ideal of elements in negative degrees. For any pointed profinite space X, MU*X is 
a MU*-modu\e. The canonical map of profinite spectra MU — > iJZ^ corresponding 
to the map of coefficients MU* — > Z^, which sends all generators Xi to 0, induces a 
natural map from MU*X to the continuous cohomology H* ont (X]'Li). It vanishes 
on the submodule MU <0 ■ MU*X and hence induces a natural map 

MU*X ®tiu- ^ -v # c *ont(*; Zt)- 
We need the following analogue of Totaro's generalization [37], Theorem 2.1, of 
Quillen's theorem [29.. 

Theorem 2.2. Let X be a finite simplicial set. Then the groups MU n X 
are zero in negative dimensions and equal to H® ont {X]1i) in dimension 0. More- 
over, the map MU*X ®j^u* Z^ — > H* Qnt {X;X() is an isomorphism in dimensions 
< 2 and injective in dimensions < 4. 

Proof. Let MU 1 denote a fibrant replacement of MU in Sp(«S*). By Proposition 
12.11 and since X is finite, the forgetful functor | • | : Sp(<S*) — > Sp(iS») induces an 
isomorphism between the continuous Mt/ £ -cohomology of X as a profinite space 
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and its |ML^|-cohomology as a simplicial set. Since X is finite, Zi is torsion-free 
and MU* is isomorphic to MZ7*(g) Z Z^ we conclude MU*{X) ^ MU*{X) ®%Lt for 
any finite simplicial set X. Similarly, H * ont (X; Zg) is isomorphic to H*(X; Z) ®%Zi. 
It follows that for finite X, the map MU*X ®£ w , Z e -> H* ont (X, Zt) is just the 
image of the map MU*X ®mu* Z — s> H*(X,Z) under the tensor product with Ze 
over Z. Since Z^ is torsion-free, the result follows from Theorem 2.1 of [37]. □ 

Remark 2.3. Let BP be the Brown-Peterson spectrum at the prime I and let 
BP be its profinite completion. For a finite simplicial set X , the isomorphism 
MU* X ®mu* %>(i) — BP* X ®bp* 7L{t) and the canonical map Zm — > Zt induce an 
isomorphism 

MU*X ® £w , Zi S BP*X ® Mp , Z e . 

Thus the whole game could have been played using BP instead of MU . But we stick 
to MU. 

One of the most important properties of STL is that it is the target category of 
the extension of the etale realization functor to motivic spectra. Recall that the 
etale realization functor has been extended to motivic spaces by Isaksen in [17] . 
So, for example, we may talk about the etale homotopy type of the Thorn space of 
the normal bundle of a regular embedding etc. The following extension has been 
proved in |27j : in fact one can obtain a more general result over an arbitrary base 
field. 

Theorem 2.4. Let k be an algebraically closed field of characteristic ^ t. The etale 
realization functor of simplicial presheaves has a natural extension to the stable 
homotopy category of motivic P 1 -spectra Et : SH(k) STL. The image of the 
spectrum MGL representing algebraic cobordism is isomorphic to MU in SH. 

3. Etale topological bordism 

For the rest of this paper we assume that k is an algebraically closed field. Let X 
be a scheme over k. Let t be a prime different from the characteristic of k. We 
equip S and Sp(c>») with the Z/£-model structures of the previuos section. We will 
define etale topological bordism and cobordism groups of X. Let us start with the 
latter one. 

3.1. Etale cobordism. We define etale topological cobordism to be the general- 
ized cohomology theory represented by MU in STL applied to EtX, i.e. 

MU£(X) := Hom 5 - w (S°°(EtX), MU A S n ). 

If X is not equipped with a specified basepoint, we will denote by MU-^(X) the 
reduced etale cobordism of EtX + . 

We denote by Sm^ the category of quasiprojective smooth schemes of finite type 
over k. We recall from [37] that £-adic etale topological cobordism is an oriented 
cohomology theory on Sm^ in the sense of [25], Definition 2.1. We will outline the 
proof below for completeness. 

The first thing to do, is to equip etale cobordism with an orientation. There is 
the following canonical choice. Let MGL be the motivic spectrum representing 
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algebraic cobordism and let xmgl ■ P°° — > MGL A P 1 be its orientation, see e.g. 
[25] , We define the orientation x £w := Et (x M gl) ■ EtP£° -> Mf7 A of etale 
cobordism to be the image of the orientation of algebraic cobordism under Et . Since 
the isomorphism Et MGL = MU is constructed using a lifting to characteristic zero, 
the appropriate identifications show that this orientation corresponds to the image 
under completion of the canonical orientation of MU. 

Theorem 3.1. Let k be an algebraically closed field and let £ be a prime different 
from the characteristic of the base field k. With the above orientation, i-adic etale 
topological cobordism is an oriented cohomology theory on Sm^ . In particular, for 
every projective morphism f : X —> Y of relative codimension d in Sm^, there are 
pushforward maps /* : MU?*(X) -> MU^* +2d (Y). 

Proof. That etale cobordism is a ring cohomology theory follows immediately from 
the properties of MU. The A 1 -invariance follows from the fact that, since we 
consider the Z/^-model structure, Et (X x A 1 ) — > EtX is a weak equivalence in 
S. This would not be true in general if we had not completed away from the 
characteristic of the base field. To check excision, let e : (X',U') —> [X,U) be 
a morphism of pairs of schemes in Sm^ such that e is etale and for Z = X — U, 
Z' =X' - U' one has e~ x (Z) = Z' and e : Z 1 -> Z is an isomorphism. By [20] III, 
Proposition 1.27, we know that the morphism e induces an isomorphism in etale 
cohomology iP(Et (X)/Et (U);Z/l) H*(Et(X')/Et(U');Z/£). Hence the map 
Et (X')/Et (U r ) -> Et(X)/Et(C/) is an isomorphism in Therefore, it induces 
the desired isomorphism MU*(Et (X)/Et (U)) = MU* (Et (X')/Et ([/'))■ 
It remains to check that etale cobordism is an oriented theory, i.e. that it has 
Chern classes. Let E —> X be a vector bundle of rank n over X and let 0(1) be 
the canonical quotient line bundle over its projective bundle ¥(E). It determines a 
morphism P(E) —> for some sufficiently large N. Together with the orientation 
map Xjfru we get an element ^ £ MU? t (P(Ej). This induces a projective bundle 
formula for etale cobordism, i.e. MUf t (¥(E)) is a free MU? t (X)-module with basis 
(1, £, ^ 2 , . . . , For, the projective bundle formula for etale cohomology implies 

that the canonical map Et (X) x Et (PjJ) — » Et (X x PJJ) is a weak equivalence in 
S; this implies a projective bundle formula locally and a Mayer- Vietoris argument 
shows that the formula holds globally. Chern classes for E are then defined in the 
well known way. The existence and uniqueness of pushforward maps follows from 
[26]. □ 

The next proposition will allow us to apply the completed version of Quillen's 
Theorem HOI 

Proposition 3.2. Let X be an n-dimensional scheme of finite type over an al- 
gebraically closed field. Let £ be a prime different from the characteristic of k. 
Then Et X has the homotopy type of a finite simplicial set in S with respect to the 
Z/£-model structure. 



Proof. It suffices to remark that the etale cohomology groups /f] t (X; 1/£) are finite 
for every i and vanish for i > 2n+ 1. □ 
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3.2. Etale Borel-Moore bordism. The cycle map that will be constructed in the 
next section will in fact be a map from algebraic cycles to a quotient of etale bor- 
dism. We define etale bordism of a pointed scheme X to be the profinite homology 
theory represented by MU in STi applied to EtX, i.e. 

MU°\X) := Rom s - n (S n , MU A S°°(EtX)). 

If X is not equipped with a specified basepoint, we will denote by MU^(X) the 
reduced etale bordism of EtX + . 

We need also a more refined version of bordism. The cycle map that will be defined 
in the next section takes values in Borel-Moore etale bordism rather than cobor- 
dism. We will define it in the same way as Friedlander defined Borel-Moore etale 
homology in [12], Proposition 17.2. If X is a scheme of finite type over fc, let X be a 
compactification of X. Such a compactification always exists by Nagata's Theorem 
[2"1] . Then we denote by 

MU? M - 6t (X) := MJ7»(EtX,Et (X - X)) 

the etale topological Borel-Moore bordism of X. 

Lemma 3.3. Etale Borel-Moore bordism does not depend on the choice of a com- 
pactification. A proper map f : X — > Y induces a pushforward map 

U ■ MU® M ' 6t {X) MZJf M < 6t (Y). 

Proof. Let fa : X X\ and fa ■ X <^-> X-i be two compactifications. The argument 
in the proof of Proposition 17.2 in |12j shows that we can assume that fa maps to 
fa via a proper map / : X% — > X\ restricting to an isomorphism fa{X) ^ ji(X) 
and a map Y2 := X2 — fa(X) — > X\ — jx(X) =: Y\. Moreover, Proposition 17.2 
of [12] implies that Et/ induces an isomorphism EtX 2 /EtF 2 — EtXi/EtYi in %. 
Thus Et / induces an isomorphism in any homology theory. 

Now let / be a proper morphism. We argue as in [12] . 17.2. Let jo : X X\ and 
ji : Y <—} Y be compactifications, then / induces / : (X2,X2 — j2(X)) — > (Y,Y — 
ji(Y)), where fa ■ X =-> X2 is the compactification defined by A : X — >• X x Y. 
Hence / induces a pushforward map in etale bordism for these pairs. □ 

By the work of Cox [8], [9] and Friedlander [12], for any closed immersion X Y 
of locally noetherian schemes, there is an etale tubular neighborhood of X in Y 
denoted by T Y /x- Let tpx be the functor that sends an etale covering U — > Y to the 
union of those connected components U a of U with U a Xx ^ is nonempty. Then 
Ty/x is defined to be the pro-object of simplicial schemes 

T Y/X = {i>Y (U.); U. GHRR(Y)}. 

So Ty/x collects those hypercoverings of Y that intersect the hypercoverings of X. 
We get its etale topological type EtT Y / x by applying the connected component 
functor to each ipy(U.). It is a pro-simplicial set and we let EtT Y / x be the asso- 
ciated profinite space. An important fact is that EtTy/x is weakly equivalent to 
Et X and that there are weak equivalences 



(2) (Et Y, Et X) ~ (Et(lV /y x Y (Y - X)),Et (Ty/x x y (Y-X))) 
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of pairs of profinite spaces, see [12] §15. This excision property ([2]) of tubular 
neighborhoods allows us to dchne a cap product for any etale homology theory as 
in [12] . 

Proposition 3.4. Let i : X Y be a closed immersion of schemes over k. For 
each n > p > 0, there is a natural cap product pairing 

MUg(Y,Y- X) ® MU^ M ^{Y) MU^ M p 6 \X). 

Proof. The cap product can be defined as in [12], Proposition 17.4, using etale 
tubular neighborhoods and the usual construction of cap products for generalized 
relative homology theories in pQ. Consider the sequences of embeddings 

x A Y -4 y,x Uw 4 y 

where j is a compactification of Y, i' is the closed immersion of W := Y — (Y — X) 
into Y and j' is the associated open immersion. For convenience, we set V := 
W — X = Y — Y. The above excision formula ([2]) yields the identifications of pairs 
in-H: 

(Et Y, Et Y - X) = (Et {Ty /W xy Y),Et (T Y/W x Y (Y - X))), 
(Et W, Et V) S (Et (T p/W x ? Y), Et x-p Y)), 

(Et Y", Et (y-y)) = (Et (T Y/w x Y Y),Et {T Y/W x Y (Y-X))UEt (T Y/V x Y Y)). 

Moreover, we know (Et W, Et V) = (Et X, Et (X — X)) in % for a compactification 
X of X, see [12], proof of Proposition 17.4. Finally, we apply the usual cap product 
construction of p], Part III §9, via the slant product, to 

Et (T Y/W x Y (Y-X))^ Et (T Y/W x Y Y) and 
Et (T Y/V x Y Y) Et {T Y/W x Y Y). 

□ 

3.3. Poincare duality. Both theories, etale bordism and cobordism, are closely 
related by the following Poincare duality theorem for smooth projective varieties 
over k 7 where variety means a reduced and irreducible scheme that is spearated and 
of finite type over k. 

Theorem 3.5. Let X be a smooth projective variety over k of dimension n. Then 
there is a natural Poincare duality isomorphism 

D x : MUp{X) 4 MU£~ P {X). 

We define the fundamental class [X] £ MJ7|^(X) of X to be the inverse image of 
1 G MU2 t {X) under the above duality map D x . The inverse Dx of D x is given 
by the cap-product with [X] . 

Before we prove this theorem, we make the following convention. 
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Convention 3.6. Let k be our algebraically closed base field and £ the chosen prime 
different from the characteristic ofk. For a positive integer n > 1, let fiin{k) denote 
the group of £ n th roots of unities in k. For the rest of this paper, we fix a choice of 
a compatible system of £ n th roots of unities in k for all n> 1 and use the induced 
isomorphism to make the identification = 2^(1) = lim„ fign (k). 



Proof. We use the classical construction for this duality map in topology and define 
the map D x via the slant product for generalized homology theories, see pQ. The 
orientation map Et P°° — > M U induces an orientation for every vector bundle in 
Snifc. In particular, for the normal bundle N of the embedding of the diagonal 
A(X) <— >• X x X, which is isomorphic to the tangent bundle of X, we get an 
induced map map u> : EtTh(N) — > Y? n MU in SH. By homotopy purity, we know 
X x X/X x X - A(X) is A^equivalent to Th(iV), see [15] §3. This map induces a 
map in STL 

Et (X x X) -> Et (X x X/X x X - A(X)) Y? n MU. 

By abuse of notation, we will also denote this composed map by w. Now given 
an element g G MUp t (X), represented by a map g : S p — > MU A EtX, the slant 
product u/jG MU?i~ p (X) is defined as the following composite of maps in SH, 
where we omit to denote the twists, 

S p A Et X 9 4 X MU A Et X A Et X MU A Y? n MU A E 2n MC7 

where /i : MU A MU — > MU is the multiplication map of the ring spectrum MU. 
We define the map D x by sending g to D x {g) := u/g. 

In order to prove that D x is an isomorphism, we apply the following diagram of 
Atiyah-Hirzebruch spectral sequences 

H^~ S (X; MU t ) => MU^-^iX) 

D x 

H?(X; MU t ) > MUf +t (X) 

where H° t (X; MUt) denotes continuous etale homology as defined in [55] and 
H?™~ S (X; MU t ) denotes continuous cohomology of EtX as defined in [35]. As we 
remarked above, H? t (X;Zi) coincides with Dwyer-Friedlander's [TT] and Jannsen's 
[T5j continuous cohomology of X. Since X is smooth, these groups are equal to the 
usual £-adic cohomology lim„ i?| t (X; Z/£ v ). Since MU t is a free abelian group for 
every t, the groups i/?"~ s (X; MU t ) are isomorphic to lhm, H£.(X; Z/£") ® MU t . 
The construction of D x and the fact that the map MU — >• H 7Li is a map of oriented 
spectra show that the same construction of D x in homology yields a natural map 
between the two spectral sequences. Since k is algebraically closed, the _E 2 -terms 
vanish except for < s < 2n and the spectral sequences converge. Finally, the 
Poincarc duality of [H], Theorem 17.6, shows that the -E 2 -terms of the spectral 
sequences are isomorphic. This proves that D x on bordism is an isomorphism. 
That the inverse Dx is given by the cap product with [X] now follows just as in 
[I], Part III, Proposition 10.16. □ 
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Proposition 3.7. Let i : X <—} Y be a closed embedding of smooth schemes of 
codimension d. Let lo x /y S MU?f(Y,Y — X) be the element corresponding to the 
Thorn class of the normal bundle N under the purity isomorphism MU?f(Y,Y — 
X) = MU?f(N,N - X), cf. [23] Theorem 3.2.23. We call uj x/y the orientation 
class of the embedding. Then the cap product with ux/y defines a natural pullback 
map 

i* : MUf M ' 6t (Y) -> MUf^f(X) 

on Stale Borel-Moore bordism. If X andY are smooth projective varieties, this pull- 
back coincides with the induced pullback from etale cobordism by Poincare duality. 

Proof. The only assertion in this proposition is the one for the case that i is a 
closed embedding of smooth projective varieties. For X and Y projective, the pairs 
used to define a cap product pairing are given by the etale homotopy types of the 
inclusions 

T Y /x xy (Y -X)^> T Y/X Xy Y and 
T Y/0 x Y Y^T Y/x x Y Y. 

The cap product pairing is translated by D Y and D x respectively into the cor- 
responding cup product pairing. That this cup product pairing, induced by mul- 
tiplication with the class uj x / y , coincides with the pullback map for cobordism 
now follows from the Thom isomorphism theorem for an oriented cohomology the- 
ory. □ 

4. The cycle class map 

The goal of this section is to prove the following analogue of Theorem 3.1 of [37] for 
a base field of arbitrary characteristic. By Poincare duality, this proves Theorem 
11.11 of the introduction for a smooth projective variety X. 

Theorem 4.1. Let k be an algebraically closed field and let X be a quasiprojective 
scheme of finite type over k. Let £ be a prime different from p. There is a natural 
map c\mu '■ ZiX — > Mf7^ M ' t (X) ®£ lv 1>i from the group of algebraic cycles of 
dimenson i on X that vanishes on cycles algebraically equivalent to zero such that 
the composition 

zf s X c ^ MU* M ' 6t (X) ®M Ut Z t A H* M *{X;Z t ) 

is the cycle class map c\jj to etale homology of |12j Proposition 17.4, where Z? S X 
denotes the group of cycles modulo algebraic equivalence. This map c\mu is natural 
with respect to projective morphisms. 

We remind the reader that in the above statement and in the following prove we 
stick to Convention ^. 61 to use the fixed isomorphism to identify = Z^(l). Before 
we prove the theorem, let us start with some comments. If k = C is the field of 
complex numbers, the cycle map of [37] . Theorem 3.1, sends a closed irreducible 
subschemc Zclof dimension i is sent to the class [Z — > X] 6 MU^ M X ®mu, Z, 
where Z — >• Z denotes a resolution of singularities. This is also the unique map 
induced by the universality of Chow groups among oriented cohomology theories 
whose formal group law is additive, see Remark 1.2.21 and the proof of Theorem 
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4.5.1 in [19]. 

In both papers [37] and [19], maps for integral coefficients are constructed using 
resolution of singularities for fields of characteristic zero, a technique that is so far 
not available over a base of positive characteristic. The best known replacement 
is the work of de Jong [10 on alterations and its improvement by Gabber. An 
alteration of a Noehterian integral scheme X over a field k is a dominant proper 
morphism 7r : X' — >• X from an integral scheme X' to X with dimX' = dimX. 
The map 7r is finite and flat over a nonempty open subset of X. In [10] de Jong 
proved that for any variety X and any proper closed subset Z C X, there is a 
regular alteration tt : X' — s> X such that tt~ 1 {Z) is the support of a strict normal 
crossings divisor in some regular projective variety X' . Moreover, if k is a perfect 
field, then X' and hence also X 1 are smooth over k and p is generically etale. This 
is weaker than a resolution of singularities of X, since alterations allow k(X') to 
be a finite extension of the function field k(X) whereas a resolution of singularities 
would require k(X') = k(X). 

In order to construct a well defined cycle map as in the theorem an arbitrary smooth 
alteration would not suffice, since we would not be able to show that two different 
alterations of X define the same element in the quotient MU^(X) ®£, w 1>t. The 
problem is that there used to be no control on the degree of the alteration. But 
recently, Gabber improved de Jong's result further by showing that there is an 
alteration with some control on the degree of the extension k(X')/k(X). To be 
more precise, Gabber proved the following result, cf. [14]; see also [16] for a more 
detailed account. 

Theorem 4.2. (Gabber) Let X be a separated scheme of finite type over a per- 
fect field k, Z C X a nowhere dense closed subset, £ a prime ^ char (A;). Then 
there exists an alteration tt : X' — > X of degree prime to i with X' smooth and 
quasiprojective over k and tt~ 1 {Z) the support of a strict normal crossings divisor. 

We will now prove Theorem 14.11 using Gabber's result. Let X and k be as in 
Theorem l4.ll and let Z C X be an irreducible subvariety of X of dimension i. Since 
X is quasiprojective, it has a projective compactification X. The closure Z of Z in 
J is a projective compactification of Z. Now let Zq C Z be the singular locus of 
Z. We apply Theorem 14.21 to the pair Zq C Z. We get an alteration tt : Z' — > Z of 
degree d prime to I with Z' smooth and, since tt is quasiprojective and proper, Z' 
is also projective over k 

Z' 



Z >Z 



X *X. 

Hence Z' has a fundamental class in MU^{Z') ®mu ^ ^y Theorem 13.51 Since 
(d, £) = 1, d is invertible in %i . We send the cycle Z C X to the pushforward of the 
fundamental class of Z' under the projective map Z' — > X divided by the degree: 

cImu(Z) := \\Z' A Z c X] e MU% MA (X) ®mu« 
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Here we use the notation of [19] and write [Y — > X] for the class /*([Y]) in 
MU 2n ' et (X), for a projective morphism / : Y — > X of schemes over k and Y 
a smooth and projective variety over k of dimension n with fundamental class [Y]. 
We have to show that this definition is independent of the choice of Z' . We have 
already shown that Borel-Moore bordism is independent of the choice of compact- 
ification. It remains to show the independence of the choice of alteration. Let 
7Ti : Z'i — > Z and 7T2 : Z 2 — > Z be two smooth f-primary alterations of Z of degree 
di and d 2 respectively. The point is that the difference between the two classes 
corresponding to 7Ti and ir 2 lies in the subgroup MU^ (X), hence it vanishes in 
the quotient MU 2i M,ct {X) ®£, w 1>i- Let us check this. There is a third ^-primary 
alteration Z' 3 that dominates both Z[ and Z' 2 . For this, it suffices to construct a 
smooth ^-primary alteration Z' 3 of the fibre product Z' x x 2 Z' 2 '■ 

(3) Z 3 ^ Z-y x 2 Z' 2 9- Z 1 



Z' 2 ^Z. 

Since iri and 7T2 are generically etale, their properties and degrees are preserved 
under their mutual base change, i.e. the map Z\ Xz Z 2 — > Z\ is proper dominant 
and generically etale of degree d 2 , the map Z\ x 2 Z 2 — > Z 2 is also proper, dominant 
and generically etale of degree d\. Hence 713 : Z' z — > Z is a smooth alteration of Z. 
Moreover, since all alterations were chosen of degree prime to £, we conclude that 
the degree d% of 1T3 is prime to £ and tt^ is a smooth ^-primary alteration refining 
7Ti and n 2 . 

Let ei and e 2 be the degrees of the maps Z' z — > Z[ and Z 3 — > Z 2 . They satisfy the 
equality dj, — d\e\ — d 2 e 2 . Now the class of a map / : Y — > X of smooth varieties 
of the same dimension n is equal to the class of the identity X — > X multiplied by 
the degree of / in Hf n {X; Z e ). The isomorphism MT/|* (X) <g>^ Z e Hf n {X; Z e ) 
of Theorems 12.21 and 13.51 shows that this relation also holds in the quotient of etale 
bordism. Hence we get the two equalities 

[Z' 3 -> Z[] = e x \Z[ Z[] in MU$(Z[) ® £iu , ^ 

and 

[Z' 3 -> Z' 2 ] = e 2 [Z' 2 Z' 2 ] in MU%{Z' 2 ) ® Au , Z t 
and as a consequence also 



L [Z ' 1 ^x] = hz'^x] = - [Z' 2 ^X] 

d\ ct3 a 2 

in MU 2i M ' ct (X) ®£, w Zt. Hence tti and tt 2 define the same element, called the 
class of Z in MU 2i M ' ct (X) ®mu, %>t- Finally, we extend this map to arbitrary cycles 
by linearity. 

We have to check that this cycle map c\mu induces the cycle map 

&HiZiX^H* M '*{X',Zt) 

to etale Borel-Moore homology, see e.g. [H] Proposition 17.4 for a definition. The 
map c\h sends the class of an irreducible subvariety Z C X of dimension i to 
the image of the fundamental class of Z under the pushforward H 2i M ' ct (Z; Ze) — ► 
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H 2i ' e (X;Zg). Since the morphism 9 from bordism to homology is a transforma- 
tion of oriented homology theories, it sends the fundamental classes to fundamental 
classes and is compatible with pushforwards. Hence to prove the statement, it suf- 
fices to observe as before that, if / : Z 1 — > Z is a finite morphism of degree d of 
schemes of the same dimension i over fc, the pushforward /* sends the class \Z'\ to 
d[Z] in H 2i M ' et (Z; Zg). This implies c\h = 6 o c\mu on the level of cycles. 



Lemma 4.3. The map c\mu commutes with pushforwards along projective mor- 
phisms. 



Proof. We argue basically as in [37]. The only point to check is that inserting 
degrees does not change the argument. Let / : X — > Y be a projective morphism. 
For a closed subvariety Zclof dimension i, f(Z) is a closed subvariety of Y and 
the pushforward on Z^X is defined by 



f*{Z) 



deg (/ 




Z -> f(Z))f{Z) 



if dim/(Z) = dimZ 
if dim/(Z) < dimZ. 



Let d denote the degree of the map / : Z — > f(Z). If dim/(Z) = dimZ, let 
7T2 : Z 2 — >• f(Z) be an ^-primary smooth alteration of degree cfe of f{Z) and let 
7Ti : Z' x — > Z an ^-primary alteration over 7r 2 of degree d± constructed as in ([3]) such 
that we get a commutative diagram 



Z 2 



X 



Y. 



Let e be the degree of Z[ — >• Z 2 . The diagram shows did = d^e. From the isomor- 



phism MU^i ' * {Z%)® fa V %ii 



H 2i M '' ct (Z 2 , Zf ) and the relations in H^ i M ' 0t '{Z! 2i ; Z^) 



BM.et / 



we get 

[Z[ -> Z 2 ] = e[Z 2 -j. Z 2 ] in Mtf aj 
The image under the pushforward 



BMM 



/* 



M(7» 



MU, 



BM,et 
2i 



(Y) ®j,v„ Z, 



of the class c\mu(Z) is by definition the class of the map Z( —> Y. Now since the 
above diagram commutes, this map factors through Z 2 . Hence the above equalities 



imply the following identifications in MU 2i M ' et (Y) ®^ 



MU, 



UcImu(Z)) = ^[Z[^X^Y]=ehz' 2 
di di 



f(Z)->Y]=dcL MU (f(Z)). 



This proves the lemma for the case dim f(Z) = dimZ. 

If dim/(Z) < dimZ, then the argument is similar using the fact that the class 
of a projective map / : X — > Y of smooth schemes with dim X > dim Y is in 
MU^ M ' 6t (Y) ®. >TT by Guillen's Theorem [2^1 □ 



Lemma 4.4. The map c\mu is well defined modulo algebraic equivalence of cycles. 
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Proof. The proof is exactly the same as in [37]. We include it for completeness. Over 
an algebraically closed field, algebraic equivalence can be defined by connecting 
points via smooth projective curves. So let C be a smooth projective curve C over 
k and let j : W C X x C be a subvariety of dimension i + 1 such that the projection 
/ : W — > C is a dominant morphism. Let p:IxC4l and p\ : W — )• X be the 
projections on the first factor. We have to show that for any two points a, b G C 

cW^(a)) = cW(W(6)) e Afl^ M ' 6t (X) ®^ Z, 

where, for ( £ C, denotes the image under p of f*(t), the cycle associated 

to f~ l {t) C X x {P}, as a closed subscheme of X. Since cImc/ commutes with 
pushforwards, it suffices to show 

(4) cW(/») = cl Mt /(/*(&)) 6 Mf4 M ' 6t (W0 8^ Z,. 

Let 7r : W — >■ be an ^-primary alteration of the projective compactification W of 
W. It induces alterations f~ 1 (a)' and of degrees d a and db respectively, such 

that / -1 (0)' and / -1 (6)' determine algebraically equivalent cycles of dimension i 
in W. Since the pushforwards under 7T* of the cycles f*(a)' and f*(b)' are just the 
cycles f*(a) and f*(b), it suffices to check equality (f4|) for f*(a)' and f*(b)'. But 
since algebraically equivalent cycles are also homologically equivalent, the images of 
f- l {a)' and f- l {b)' are equal in H? t (W';Z e ) and thus also in MU™' 6t {W) ®& Ut 
"Li by Theorems 12.21 and 13.51 for the smooth projective variety W'. This prove the 
lemma and finishes the proof of Theorem 14. II □ 

If X is a smooth projective variety of dimension n, then cycles modulo rational and 
algebraic equivalence, graded by Z*X := Z n _*X, form a ring. The same holds for 
the quotient of etale cobordism MUg t (X) Z e ~ Mt/f*_ t (X) ®^ Ut> 1i- The 

cycle map respects these products. 

Theorem 4.5. The cycle map c\mu is compatible with pullbacks along regular 
embeddings of smooth quasiprojective schemes, i. e. for any codimension d regular 
embedding X — > Y of smooth projective schemes, the following diagram of pullback 
maps commutes: 

CH t Y CH^ d X 



MUll{Y) ®tiu, Z< MU%_ d) {X) ® AIUr Zt. 

Corollary 4.6. Let X be a smooth projective variety over k. Then the map c\mu 
commutes with products. 

Proof. Recall the construction of the intersection product modulo rational equiva- 
lence by Fulton and MacPherson in [T3]. Let a and /3 be two cycles on X. There is 
an external product cycle a x f3 on X x X and the product a/3 € CH*(X) is defined 
as the pullback of a x f3 along the diagonal CH*(X x X) — > CH*(X). Similarly, 
there is an external product map MU*X ®mu* MU*X — > MU*(X x X). The prod- 
uct in etale cobordism is defined by composing this map with the pullback along 
the diagonal. Since the diagonal is a regular embedding, the statement follows from 
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the theorem above using the canonical isomorphism Et (X x X) = Et X x Et X in 

ii. □ 



The rest of this section will be occupied with the proof of Theorem 14.51 The 
argument is again the same as in |37j . But since Totaro proves the statement 
in a slightly more general context using a Baum-Fulton-MacPherson pullback for 
possibly singular complex schemes, we include the proof in order to show that the 
main argument applies in our setting as well, where not all topological constructions 
are available. 

The main example of a regular embedding is the inclusion of the zero-section of 
a vector bundle into the total space of the vector bundle X <-} E. The pullback 
CHiE CHiX is defined to be the inverse of the natural isomorphism CHiX — > 
CHiE sending a subvariety Z C X to E\z C E. For an arbitrary regular embedding 
X — > y, the pullback map can be reduced to this example via the deformation to 
the normal cone. Namely, the pullback CHjY — > CHiX sends by definition a 
subvariety V C Y to the pullback CHiNx/Y - ► CHiX we have just defined along 
the zero-section inclusion X N x /y of the normal cone CxnvV of V f) X in V. 
To prove Theorem lemma4.2 let us start with the fundamental example of the zero- 
section embedding X «-> E of a vector bundle E over a smooth quasiprojective 
scheme X. Since E is embedded in its associated projective bundle, it is also 
quasiprojective. As in [37], we remark that since both pullback maps CHiE — >• 
CHi-dX and MU 2i ,ct (E) ®£ {U In —> MU 2 , i _'^s(X) ®£ {U It are isomorphisms, 
it suffices to prove that the inverse maps commute: 

(5) CH^ d X CHiE 



MU^(X) Z £ » MU* MM (E) ® Au ^ Zt. 

The map on the top row sends sends a subvariety Z C X to the subvariety E\z C E. 
If 7r : Z' — > Z is an ^-primary alteration for Z, then tt* E\z< — > E\z is an ^-primary 
alteration too. It is now obvious from the definition of &mu that diagram ([5]) 
commutes. 

For a general embedding, we have seen that the cycle of a subvariety V C Y in 
CHiV is sent to the pullback of CvnxV C N X /y in CHi-dX. The inclusion of X 
in Nx/y has just been checked. Hence to prove the theorem, it remains to show 
that the pullback of c\mu(V) £ MU$j(Y) ®£ {U , to X is equal to the pullback 
of c\ MU (C vnx V) £ MUl$(N x/Y ) ®mu* ^ to X - 

This follows from the deformation to the normal cone of regular embeddings, see 
[13] chapter 5. For a closed subscheme X C Y, there is a scheme M X Y together 
with a closed embedding of X x P 1 in M X Y and a flat morphism p : MxY P 1 
such that 

IxP 1 ^ M X Y 
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commutes. Moreover, for t G P 1 — {00} = A , we have = Y and the embed- 

ding X C is the given embedding X cY, and over 00 € P 1 , the embedding 

X C p~ 1 (oc) is the zero-section embedding of X into the normal cone C X Y of X 
in Y. Since X is smooth over k, p is a smooth morphism and Afx^ is smooth. It 
is also quasiprojective over k since it is an open subscheme of the blowup of Y x P 1 
along X x 0. 

If V is a subvariety of Y of dimension i, we construct in the same way a scheme 
MxnvV which is a subvariety of MxY. We want to show that c\mu{V) £ 
MUk M *<X)®&u. ^ is the Pullback of cl M u{MxnvV) £ MU* { ^(M x Y)®fa 
7Lt along the regular embedding Y MxY and that clMu(CxnvV) is also the 
pullback of clMu(MxnvV) along the regular embedding N x /y ^ M X Y. The 
commutative diagram 

Y >■ M X Y * N x/Y 



X >- ixP 1 < X 

then implies that the pullback of c1mu[V) and of c\mu(CxdvV) to X are both the 
pullback of the same element clMu(MxnvV) along the map X — > X x P 1 — > Afx^- 
Hence it suffices to prove the following lemma. 

Lemma 4.7. Let W be an n- dimensional quasiprojective smooth variety over k, T 
a smooth curve, f : W — > T a nonconstant flat morphism, t ET. Let Z be a closed 
subvariety of W of dimension i and let g = f\% : Z — > T be the restriction of f to 
Z. Then the pullback of the class of Z in MU^ ,et (W) ®£hj %>e equals the class 
of the cycle associated to the scheme g~ x {t) in Af J7^_ 2 ,et (/ _1 (t)) <8>Xf(/ Z/. 

Proof. Since / is flat and the embedding of {t} <-} T is regular, the inclusion of 
the subscheme et ■ f (t) C W is a codimension-one regular embedding of smooth 
schemes. By Proposition ECU the pullback e* : MUf MA% {W) ->• ME/f^(/ -1 (*)) 
is defined by cap product with the orientation class W/-!(t),w S MU? t (W,W — 
induced by the Thorn class of the normal bundle and homotopy purity. By 
naturality of Thorn classes, we have u}f-i(t),w = f* UJ t,T, where tut,T S MU? t (T, T — 
t) is the orientation class of the embedding {t} T. Hence we have to show: 

fu t ,T n c\ MU (Z) = clMu(g-Ht)) in MU^f(r\t)) ®mu, 

Since the class of is defined as the pushforward of the associated fundamental 

class along it suffices to prove the formula 

g*Lj t<T n c\ MU {Z) = c\Mu{g- X {t)) in MU^fig- 1 ^)) ® £{Ut Z,. 

So let 7r : Z' — > Z be a smooth alteration of Z of degree d prime to I. By [13], p. 
34, we have the identity of cycles on the scheme <7 _1 (i) 
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Using the projection formula and the definition of c\mu(Z), we obtain the following 
identification in MU™^ (g~ x (t)) ® AlUr 7L t 

fa((gv)*Wt, T n[Z']) = l,n*{Tr*g*us thT n[Z']) 

Hence it suffices to show 

( 57 r)* Wt , T n [Z>] = [(.gTr)- 1 ^)] in MU™ 2 6t {{gn)-\t)) ®^ Z t . 

So replacing g by gw, we may assume Z is projective and smooth of dimension i 
over k. 

For such a Z, we know that MU^-i^ (g 1 (t)) ®mu is isomorphic to the Borel- 
Moore homology H^^ig -1 ^), It) by Theorems 12.21 and 13.51 Hence it suffices 
to prove the above formula in etale homology H®^^ (g~ x (t) ,7Li) which has been 
done by Friedlander in |12j . Proposition 17.4. This proves the lemma and Theorem 
WR □ 

5. Examples via Godeaux-Serre varieties 

Let k be an algebraically closed field and I a prime different from the characteristic 
of k. Let G be a finite ^-group. For any given integer r > 1, Serre [35] has shown the 
existence of a representation V of rank n + 1 over k and a smooth variety Y C P(V") 
over k such that: 

(a) G acts without fixed points on Y; 

(b) Y is a complete intersection of a number of hypersurfaces of P(V) of degree d 
which are smooth on Y and intersect transversally; 

(c) dim fe Y = r; 

(d) X := Y/G is a smooth projective variety over k; 

(e) we observe that (b) and the weak Lefschetz theorem imply that the €-adic etale 
cohomology of Y is isomorphic to the one of P(V") up to dimension r — 1. 

We will apply Serre's construction in the following two cases. 

5.1. The examples of Atiyah and Hirzebruch. Let us first review the argu- 
ment of Atiyah and Hirzebruch in the light of etale homotopy theory. We can 
formulate the following analogue of Proposition 6.6 of [3]. 

Proposition 5.1. Let k and G be as above. For any positive integer n > 2, there 
is a smooth projective variety X such that the continuous 'Lg-cohomology o/EtX is 
equal to the cohomology of the product of Eilenberg-MacLane spaces K(Z#,2) x BG 
in S up to dimension n. In particular, H*(G;Ze) is a direct factor of H? t (X; Z^) 
up to dimension n. 

Proof. The proof is the analogue of the one in [3]. The remarkable thing is that 
it can be reformulated in terms of etale homotopy. We choose r — 1 > n and 
define Y C P(V) and X = Y/G as above. Let 0(1) -> P(V) be the canonical 
quotient line bundle on ¥(V) and let r) — >• Y be its pullback to Y. Since G acts 
on these bundles, there is a bundle £ on X such that r\ = 7r*£, where it : Y — > X 
is the covering map. We denote by u £ _ff 2 (EtX;Zf) the first Chern class of 
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£ and set v := ir*u e H 2 (EtY;Z e ). Let / : EtX -> K(Z e ,2) be a map in U 
representing u, g : EtX — > _BG be the map induced by the principal G-fibration 
EtY — > EtX and let <? : EtY -> EG be the covering map of g in H, see [22] 
and [28]. Then (/ o n,g) : EtY -> if(Z^,2) x £G is the covering map of (f,g) : 
EtX — >• K(Zi, 2) x £>G in H. Since the cohomology of .EG is trivial and since the 
cohomology of EtP(V) is isomorphic to the one of K(Zi, 2) up to dimension r — 1, 
(e) above implies that (/ o n, g) induces an isomorphism in Z^-cohomology up to 
dimension r — 1. Hence (/,<?) : EtX — > K(Zg, 2) x BG induces an isomorphism in 
continuous Z^-cohomology up to dimension r — 1. □ 

Now the same proof as in [5], Proposition 6.7, or in [7], Theoreme 2.1, shows the 
following proposition. 

Proposition 5.2. Let G be the group (Z/£) 3 . There is a cohomology class y G 
iJ 4 (G; ) o/ order I and a cohomology operation of odd degree that does not vanish 
on y. 

For I — 2, the Steenrod operation of Proposition 15.21 is the Steenrod square Sq 3 
of degree 3. For I odd, the operation is (3V 1 of degree 2i — 1, where we denote 
by V 1 : H l {G;Z/£) -> fP +2 ^ -1 )(G; Z/£) the first £th power operation and by 
/3 : H l (G;Z/£) -> H i+1 (G:Z/£) the Bockstein operator induced by the short exact 
sequence 

-> Z f -> Z^ -> Z/£ ->• 0. 
Since all odd degree cohomology operations vanish on the image image of the map 
: MU? t (X) ®mw ^ ~* H tt(. X '^)> Propositions O and [O show that there is 
a cohomology class in Hf t (Y/G; Zi) that is not algebraic, which proves part (b) of 
Corollary O 

Steenrod operations on H? t (X;Z/l) have been constructed by Raynaud in |30| . 
They can be also constructed using etale homotopy theory. For any finite groups 
7r and G and any positive integers n and m, there is a bijection between the set of 
cohomology operations H n (—; ir) —t H m (—; G) of continuous chomology of profinite 
spaces and the set of maps Hom^(if(7r, n), K(G, m)) in W. But since 7r and G are 
finite groups, their Eilenberg MacLane spaces are simplicial finite sets. So we have 

Uom 7l (K(7r,n),K(G,m)) = Uom n (K (n , n) , K (G , m)) . 

Applied to EtX of a scheme, this defines all primary cohomology operations on 
the etale cohomology of X. But in S also higher cohomology operations can be 
constructed just as in S. This shows that also higher operations exist for etale 
cohomology via the etale realization functor. 

Finally, we remark that Soule and Voisin showed in [36], Theorem 1, that Totaro's 
topological obstruction can only detect non-algebraic torsion cohomology classes 
whose order is small relative to the dimension of the variety. Their proof applies in 
the same way in our situation in positive characteristic. Hence with this method 
we cannot expect to find non-algebraic classes with an arbitrary order compared to 
the dimension. 

5.2. Nontrivial elements in the Griffiths group. Totaro has analyzed the ker- 
nel of the map MU*X ®mu* Z/2 — > H*(X,Z/2) over C and constructed elements 
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in the kernel that are in the image of the cycle map |37] . By transferring the argu- 
ment to etale homotopy theory, we now check that these varieties provide examples 
over any algebraically closed field of characteristic ^ 2 such that the classical cycle 
map to etale cohomology is not injective. They correspond to the examples of [37], 
Theorems 7.1 and 7.2. We remind the reader of the comment in the introduction 
for other examples of the non-injectivity of the map in (a) below. 

Proposition 5.3. Let k be an algebraically closed field of characteristic ^ 2. 

(a) There is a smooth projective variety over k of dimension 7 such that the map 
CH 2 X/2 Hf t (X,Z/2) is not injective. 

(b) There is a smooth projective variety over k of dimension 15 and an element 
a G CH 3 X such that 2a = and a is homologically but not algebraically equivalent 
to zero. 

Proof. We equip S with the Z/2-model structure. For both varieties we apply 
Serre's construction to a suitable 2-group G to get a variety Y of dimension r with 
a G-action as above. By Proposition 15.11 Et Y/G — > BG x K(Zi,2) induces an 
isomorphism in Z/£-cohomology up to dimension r — 1. Hence Et Y/G contains 
the r — 1-skeleton sk r -\BG of BG up to weak equivalence. Thus it suffices to 
find elements in MU* (s\t r -\BG) Z/2. Note that since sk r -\BG is a finite 

simplicial set, the proof of Theorem 12.21 implies 

(6) MU*{sk r -iBG) ® £w , Z/2 ^ MU*(skr-iBG) ® M u* Z/2. 

For (a), we take r = 8 and let G be the extra-special 2-group D(2) of order 32 
with center Z/2 of section 5 of [57]. The dimension of the associated Serre variety 
X = Y/G is then 7. Using identification ([5]), the same argument as in the proof of 
Theorem 7.1 of [37] now applies. We only have to observe that the representations 
A and B of G, which come from representations of 5*0(4, k) under the restriction 
G C 5*0(4, k), can be defined over k. They yield /c-vector bundles of ranks 3 and 
4, respectively. Since Chow groups define an oriented cohomology theory in the 
sense of [19], there are Chern classes of vector bundles in CH*X. After taking 
second Chern classes, we get a nonzero cycle C2A — C2B in CH 2 X over k. Since 
etale cobordism is also an oriented cohomology theory by Theorem 13.11 there are 
Chern classes of vector bundles as well. By [37], the image of the cycle C2A — C2B 
is nonzero in MU A X ®£ 4U , Z/2, but is mapped to zero in Hf t {X, Z/2). 
For (b), we chose r = 16 and G be D{2) x Z/2, where D(2) is as in (a). Again, 
using (HJ, the arguments of [37], Theorem 7.2, apply to get a cycle on X over k. □ 

This finishes the proof of Corollary 11.21 
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